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theory FOL imports Main begin



section «Natural Deduction)

type _synonym id = «char list»

datatype tm = Var nat | Fun id <tm list

datatype fm = Falsity | Pre id <tm list> | Imp fm fm | Dis fm fm | Con fm fm | Exi fm | Uni fm

primrec
semantics_term :: «(nat = 'a) = (id = 'a list = 'a) = tm = 'a» and
semantics_list :: «(nat = 'a) = (id = 'a list = 'a) = tm list = 'a list» where
«<semantics_terme f(Varn)=en |
«<semantics_terme f (Funil)=fi (semantics_liste f ) |
«<semantics_liste f[]=[] |
«<semantics_liste f (t # 1) = semantics_term e f t # semantics_liste f |»

primrec
semantics :: «(nat = 'a) = (id = 'a list = 'a) = (id = 'a list = bool) = fm = bool> where
«<semantics e f g Falsity = False> |
«<semanticse f g (Pre i l) =g i (semantics_liste f 1) |
«<semantics e f g (Imp p q) = (if semantics e f g p then semantics e f g g else True)» |
«<semantics e f g (Dis p q) = (if semantics e f g p then True else semantics e f g q)» |
«<semantics e f g (Con p q) = (if semantics e f g p then semantics e f g g else False)» |
«<semantics e f g (Exi p) = (3x. semantics (An. if n=0then xelsee (n-1)) fgp) |
«<semantics e T g (Uni p) = (vx. semantics (An. if n=0then xelsee (n-1)) fgp)

primrec member :: «fm = fm list = bool> where



«<member p [] = False» |
«<member p (g # z) = (if p = g then True else member p z)»

primrec
new term :: <id = tm = bool> and
new list :: dd = tm list = bool> where
new_term c (Var n) = True |
new_term c (Funil) = (if i = c then False else new_list c [)» |
new _list ¢ [] = True> |
anew_listc (t# 1) = (if new_term c t then new_list ¢ | else False)>

primrec new :: <id = fm = bool> where
<new c Falsity = True» |
<new c (Preil) =new listc D |
new ¢ (Imp p q) = (if new c p then new c g else False)» |
new c (Dis p q) = (if new c p then new c g else False)» |
new ¢ (Con p q) = (if new c p then new c g else False)» |
<new ¢ (Exi p) =newc p |
<new ¢ (Uni p) =new c p

primrec news :: dd = fm list = bool> where
<news c [] = True |
news ¢ (p # z) = (if new c p then news c z else False)»

primrec
inc_term :: <tm = tm» and
inc_list :: <tm list = tm list» where



<nc_term (Varn)=Var (n+ 1) |
dnc_term (Funil) =Funi (inc_list 1) |
danc_list[1=1[D |

<inc_list (t #1) =inc_term t #inc_list >

primrec
sub_term :: <nat = tm = tm = tm» and
sub_list :: nat = tm = tm list = tm list> where
«sub_termv s (Varn) = (if n <vthen Varnelse if n=v thenselse Var (n- 1)) |
«sub_termvs (Funil)=Funi (sub_listvsl) |
sub_listvs[]=[D|
«sub_listvs (t#1)=sub termvst#sub listvslh

primrec sub :: <nat = tm = fm = fm» where
«sub v s Falsity = Falsity» |
«subvs(Preil)=Prei(sub_listvsl)|
subvs(Imppq)=Imp (subvsp)(subvsaqg)|
«sub v s (Dispqg)=Dis(subvsp)(subvsaq)|
«subvs(Conpq)=Con (subvsp)(subvsqg)|
«sub v s (Exi p) = Exi (sub (v + 1) (inc_term s) p) |
«sub v s (Uni p) = Uni (sub (v + 1) (inc_term s) p)»

inductive OK :: <fm = fm list = bool> where
Assume: (member pz = OK p 2) |
Boole: <OK Falsity (Imp p Falsity # z) = OK p 2» |
Imp E: <OK(Imppg)z=0Kpz= 0OKq2 |
Imp I: <OK g (p#2) = OK (Imppaq) 2 |



Dis E: <(OK (Dispq)z=O0OKr(p#z) = OKr(g#z) = OKr 2|

Dis I1: «(OKpz= OK (Dispq) 2> |

Dis 12: «OKqz= OK (Dispq) 2> |

Con_E1: <OK (Conpq)z= OKp 2 |

Con _E2: <OK (Conpq)z= OKq2 |

Con . OKpz=0Kgz= OK (Conpq) 2 |

Exi E: <(OK (Exip)z=OK g (subO(Func[])p#z)=newsc(p#q#z) = OKq2 |
Exi I: <OK (sub 0t p) z= OK (Exip) 2> |

Uni E: «OK (Unip)z= OK (sub0tp) 2 |

Uni_I: <OK (sub 0 (Func[]) p) z= news c (p # z) = OK (Uni p) 2>

section <Examples)

lemma «OK (Imp (Pre "p" []) (Pre "p" [])) [
by (rule Imp_I, rule Assume) simp

lemma «OK (Imp (Pre "p" []) (Pre "p" []) [
proof -
have <OK (Pre "p" []) [(Pre "p" [D]> by (rule Assume) simp
then show «OK (Imp (Pre "p" []) (Pre "p" [])) []> by (rule Imp_I)
ged

lemma modus_tollens: <OK (Imp

(Con (Imp (Pre "p" []) (Pre "q" [1)) (Imp (Pre "q" []) Falsity))
(Imp (Pre "p" []) Falsity)) []»

apply (rule Imp_1)

apply (rule Imp_1)



apply (rule Imp_E)
apply (rule Con_E2)

apply (rule Assume)
apply simp

apply (rule Imp_E)
apply (rule Con_E1)
apply (rule Assume)
apply simp

apply (rule Assume)
apply simp

done

lemma Socrates_is_mortal: <OK (Imp

(Con (Uni (Imp (Pre "h" [Var 0]) (Pre "m" [Var 0])))
(Pre "n" [Fun "s" [1D)

(Pre "m” [Fun "s" [1])) [

apply (rule Imp_1I)

apply (rule Imp_E [where p=«Pre "h" [Fun "s" []]])

apply (subgoal tac <OK (sub 0 (Fun "s" [])
(Imp (Pre "h" [Var 0]) (Pre "m" [Var 0]))) »)

apply simp

apply (rule Uni_E)

apply (rule Con_E1)

apply (rule Assume)

apply simp

apply (rule Con_E2)

apply (rule Assume)



apply simp
done

lemma grandfather: <OK (Imp

(Uni (Imp (Imp (Pre "r" [Var 0]) Falsity) (Pre "r" [Fun "f" [Var 0]])))

(Exi (Con (Pre "r" [Var 0]) (Pre "r" [Fun "f" [Fun "f" [Var 0]]])))) [
proof -

let ?7a = Fun "a" [

let ?fa = «Fun "f" [?a]>

let ?ffa = <Fun "f" [?fa]>

let ?fffa = Fun "f" [?ffa]>

let ?ffffa = <Fun "f" [?fffa]>

let ?ra= Pre "r" [?a]»

let ?rfa = Pre "r" [?fa]>

let ?rffa = Pre "r" [?ffa)>

let ?rfffa = «Pre "r" [?fffa]»
let ?rffffa = «Pre "r" [?ffffa]>

show ?thesis
apply (rule Boole)
apply (rule Imp_E)
apply (rule Assume)
apply simp
apply (rule Imp_1)
apply (rule Imp_E [where p=dmp (Imp ?ra Falsity) ?rfa])

apply (rule Imp_1)



apply (rule Imp_E [where p=«Imp (Imp ?rfa Falsity) ?rffa)])

apply (rule Imp_1)
apply (rule Imp_E [where p=dmp (Imp ?rffa Falsity) ?rfffa)])

apply (rule Imp_1)
apply (rule Imp_E [where p=dmp (Imp ?rfffa Falsity) ?rffffay])

apply (rule Imp_1)
apply (rule Dis_E [where p=«?ra> and q=<mp ?ra Falsity»])
apply (rule Boole)
apply (rule Imp_E [where p=«Dis ?ra (Imp ?ra Falsity)>])
apply (rule Assume)
apply simp
apply (rule Dis_I2)
apply (rule Imp_1I)
apply (rule Imp_E [where p=«Dis ?ra (Imp ?ra Falsity)>])
apply (rule Assume)
apply simp
apply (rule Dis_I1)
apply (rule Assume)
apply simp
apply (rule Dis_E [where p=<?rffay and qg=dmp ?rffa Falsity>])
apply (rule Boole)
apply (rule Imp_E [where p=<Dis ?rffa (Imp ?rffa Falsity)>])
apply (rule Assume)
apply simp
apply (rule Dis_I2)
apply (rule Imp_1)
apply (rule Imp_E [where p=«Dis ?rffa (Imp ?rffa Falsity)>])
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apply (rule Assume)
apply simp
apply (rule Dis_I1)
apply (rule Assume)
apply simp
apply (rule Exi_I [where t=?a])
apply simp
apply (rule Con_I)
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp (Imp ?rffa Falsity) ?rfa])
apply (rule Imp_1I)
apply (rule Exi_I [where t=?fay])
apply simp
apply (rule Con_I)
apply (rule Imp_E [where p=dmp ?rffa Falsity»])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp ?rffa Falsity»])
apply (rule Assume)
apply simp
apply (rule Assume)

apply simp



apply (rule Imp_E [where p=dmp (Imp ?rfa Falsity) ?rffay])

apply (rule Imp_1)

apply (rule Imp_1I)
apply (rule Boole)

apply (rule Imp_E [where p=rffay])
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp ?rfa Falsity»])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Dis_E [where p=<?rfffay and q=dmp ?rfffa Falsity>])
apply (rule Boole)
apply (rule Imp_E [where p=Dis ?rfffa (Imp ?rfffa Falsity)>])
apply (rule Assume)
apply simp
apply (rule Dis_I2)
apply (rule Imp_1I)
apply (rule Imp_E [where p=«Dis ?rfffa (Imp ?rfffa Falsity)>])
apply (rule Assume)
apply simp
apply (rule Dis_11)
apply (rule Assume)
apply simp
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apply (rule Exi_I [where t=?fay])
apply simp
apply (rule Con_I)
apply (rule Imp_E [where p=dmp ?ra Falsity>])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp (Imp ?rfffa Falsity) ?rffa])
apply (rule Imp_1)
apply (rule Exi_I [where t=ffay])
apply simp
apply (rule Con_I)
apply (rule Imp_E [where p=dmp ?rfffa Falsity»])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp ?rfffa Falsity»])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp (Imp ?rffa Falsity) ?rfffa)])

apply (rule Imp_1)
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apply (rule Imp_1)
apply (rule Boole)

apply (rule Imp_E [where p=<rfffay])
apply (rule Assume)
apply simp
apply (rule Imp_E [where p=dmp ?rffa Falsity>])
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (rule Assume)
apply simp
apply (subgoal_tac «<OK (sub 0 ?fffa
(Imp (Imp (Pre "r" [Var 0]) Falsity) (Pre "r" [Fun "f" [Var 0]]))) »)
apply simp
apply (rule Uni_E)
apply (rule Assume)
apply simp
apply (subgoal_tac <OK (sub 0 ?ffa
(Imp (Imp (Pre "r" [Var 0]) Falsity) (Pre "r" [Fun "f" [Var 0]]))) »)
apply simp
apply (rule Uni_E)
apply (rule Assume)
apply simp
apply (subgoal tac <OK (sub 0 ?fa
(Imp (Imp (Pre "r" [Var Q]) Falsity) (Pre "r" [Fun "f" [Var 0]]))) »)
apply simp
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apply (rule Uni_E)
apply (rule Assume)
apply simp
apply (subgoal_tac <OK (sub 0 ?a
(Imp (Imp (Pre "r" [Var 0]) Falsity) (Pre "r" [Fun "f" [Var 0]]))) »)
apply simp
apply (rule Uni_E)
apply (rule Assume)
apply simp
done
ged

lemma open_example: <OK (Dis (Pre "p" [Var x]) (Imp Falsity Falsity)) []>
apply (rule Dis_I2)
apply (rule Imp_1I)
apply (rule Assume)
apply simp
done

section «Soundness)

lemma symbols [simp]:
«(if pthenqgelse True) = (p — q)
«(if pthen Trueelse @) = (p v q)
«(if p then g else False) = (p A q)>
by simp_all
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fun put :: «(nat = 'a) = nat = 'a = nat = 'a» where
putevx=(An.ifn<vthenenelseifn=vthenxelsee(n-1))

lemma «pute 0 x = (An. if n=0then xelsee (n- 1))
by simp

lemma
<semantics e T g (Exi p) = (3x. semantics (pute 0 x) fg p)»
«semantics e f g (Uni p) = (¥x. semantics (pute 0 x) fg p)
by simp_all

lemma increment:
<semantics_term (put e 0 x) f (inc_term t) = semantics_terme f t)
«semantics_list (put e 0 x) f (inc_list I) = semantics_list e f I>
by (induct t and | rule: semantics_term.induct semantics_list.induct) simp_all

lemma commute: «<put (putev x) 0y =put (puteOy) (v+1)x
by fastforce

lemma allnew [simp]: list_all (new C) Z = news ¢ 2»
by (induct z) simp_all

lemma map' [simp]:
mew_term N t = semantics_term e (f(n := x)) t = semantics_terme f t)
mew _list n | = semantics_list e (f(n := x)) | = semantics_liste f I
by (induct t and | rule: semantics_term.induct semantics_list.induct) auto
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lemma map [simp]: mew n p = semantics e (f(n := x)) g p = semanticse f g p>
by (induct p arbitrary: e) simp_all

lemma allmap [simp]: xnews ¢ z =
list_all (semantics e (f(c := m)) g) z = list_all (semantics e f g) z»
by (induct z) simp_all

lemma substitute' [simp]:
<semantics_term e f (sub_term v s t) = semantics_term (put e v (semantics_terme fs)) ft»
«semantics_list e f (sub_list v s I) = semantics_list (put e v (semantics_terme fs)) f >
by (induct t and | rule: semantics_term.induct semantics_list.induct) simp_all

lemma substitute [simp]:
«<semantics e T g (sub v t p) = semantics (put e v (semantics_terme ft)) f g p»
proof (induct p arbitrary: e v t)
case (Exip)
have <semantics e f g (sub v t (Exi p)) =
(3x. semantics (put e 0 x) f g (sub (v + 1) (inc_term t) p))»
by simp
also have «... = (3x. semantics (put (put e 0 x) (v + 1)
(semantics_term (put e 0 x) f (inc_term t))) fg p)»
using Exi by simp
also have «... = (3x. semantics (put (put e v (semantics_terme f 1)) 0 x) fg p)
using commute increment(1) by metis
finally show ?case
by simp
next
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case (Uni p)
have <semantics e f g (sub v t (Uni p)) =
(vx. semantics (pute 0 x) fg (sub (v + 1) (inc_term t) p))»
by simp
also have«... =
(Vx. semantics (put (put e 0 x) (v + 1) (semantics_term (put e 0 x) f (inc_term 1))) fg p)
using Uni by simp
also have «... = (¥x. semantics (put (put e v (semantics_terme f1)) 0 x) f g p)
using commute increment(1) by metis
finally show ?case
by simp
ged simp_all

lemma member_set [simp]: <p € set z = member p z»
by (induct z) simp_all

lemma soundness': <OK p z = list_all (semantics e f g) z= semanticse fg p
proof (induct p z arbitrary: f rule: OK.induct)
case (Exi_ Epzqc)
then obtain x where «<semantics (put e 0 x) f g p»
by auto
then have «<semantics (put e 0 x) (f(c := Aw. X)) g p»
using <news ¢ (p # g # z)» by simp
then have «semantics e (f(c := Aw. x)) g (sub O (Fun c []) p)»
by simp
then have «list_all (semantics e (f(c := Aw. x)) g) (sub O (Fun c []) p # 2)»
using Exi_E by simp
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then have «semantics e (f(c := Aw. X)) g O»
using Exi_E by blast
then show <semantics e f g o
using <news ¢ (p # g # z)» by simp
next
case (Uni_l cp2z)
then have «vx. list_all (semantics e (f(c := Aw. X)) g) 2»
by simp
then have «vx. semantics e (f(c := Aw. x)) g (sub O (Fun c []) p)
using Uni_I by blast
then have «vx. semantics (put e 0 x) (f(c :=Aw. X)) g
by simp
then have «vx. semantics (pute O x) fg
using <news ¢ (p # z)» by simp
then show «semantics e f g (Uni p)»
by simp
ged (auto simp: list_all_iff)

theorem soundness: <OK p [] = semanticse f g p
by (simp add: soundness')

corollary <3p. OK p [P «3p. =~ OK p [P
proof -
have <OK (Imp p p) [P for p
by (rule Imp_I, rule Assume, simp)
then show «3p. OK p [P
by iprover
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next
have <— semantics (e :: _ = unit) f g Falsity» fore f ¢
by simp
then show 3p. - OK p [P
using soundness by iprover
ged

section «Utilities»

lemma set_inter compl diff: <- AN B =B - A> unfolding Diff_eq using inf_commute .
abbreviation Neg :: «fm = fm» where «Neg p = Imp p Falsity»

abbreviation Truth :: <fm> where «Truth = Neg Falsity>

primrec size_formulas :: «fm = naty where
«size_formulas Falsity = 0» |
size_formulas (Pre _ )=0» |
«size_formulas (Con p q) = size_formulas p + size_formulas g + 1> |
«size_formulas (Dis p q) = size_formulas p + size_formulas g + 1» |
«size_formulas (Imp p q) = size_formulas p + size_formulas q + 1> |
«size_formulas (Uni p) =size_formulas p + 1» |
«size_formulas (Exi p) = size_formulasp + 1>

lemma sub_size formulas [simp]: <size formulas (sub it p) = size_formulas p»
by (induct p arbitrary: i t) simp_all
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subsection <Extra Rulesy

lemma explosion: <OK (Imp Falsity p) 2>
apply (rule Imp_1) apply (rule Boole) apply (rule Assume) by simp

lemma cut: OKpz=0Kq((p#2) = 0Kq2
apply (rule Imp_E) apply (rule Imp_1) .

lemma Falsity E: <OK Falsity z= OK p 2»
apply (rule Imp_E) apply (rule explosion) .

lemma Boole": <OK p (Negp#2z) = OKp 2
apply (rule Boole) apply (rule Imp_E) apply (rule Assume) by simp iprover

subsection «Closed Formulas)

primrec
closed term :: <nat = tm = bool> and
closed list :: mat = tm list = bool> where
«closed_termm (Varn) =(n<m) |
«closed_term m (Fun a ts) = closed_list m ts) |
«closed_list m [] = True» |
«closed_list m (t # ts) = (closed_term mt A closed_list m ts)»

primrec closed :: <nat = fm = bool> where
«closed m Falsity = True> |
«closed m (Pre b ts) = closed_list m ts) |
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«closed m (Con p q) = (closed m p A closed m q)> |
«closed m (Dis p g) = (closed m p A closed m q)» |
«closed m (Imp p q) = (closed m p A closed m qQ)» |
«closed m (Uni p) = closed (Suc m) p» |

«closed m (Exi p) = closed (Suc m) p»

lemma closed_mono':
assumes «<i < j»
shows «closed term i t = closed _term j t»
and «closed list i | = closed_list j I»
using assms by (induct t and [ rule: closed_term.induct closed_list.induct) simp_all

lemma closed mono: <i <] = closed i p = closed j p»
proof (induct p arbitrary: i j)
case (Preil)
then show ?case
using closed_mono' by simp
next
case (Exip)
then have «closed (Suc 1) p»
by simp
then have «closed (Suc |) p»
using Exi by blast
then show ?case
by simp
next
case (Uni p)
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then have «closed (Suc 1) p»
by simp
then have «closed (Suc |) p»
using Uni by blast
then show ?case
by simp
ged simp_all

lemma inc_closed [simp]:
«closed term 0 t = closed_term O (inc_term t)»
«closed list 0 | = closed_list O (inc_list I)»
by (induct t and | rule: closed_term.induct closed_list.induct) simp_all

lemma sub_closed' [simp]:
assumes «closed term 0 u»
shows «closed term (Suc i) t = closed_term i (sub_term i u t)
and «closed_list (Suc i) | = closed_list i (sub_listi ul)»
using assms
proof (induct t and I rule: closed_term.induct closed_list.induct)
case (Var x)
then show ?case
using closed_mono'(1) by auto
ged simp_all

lemma sub_closed [simp]: «closed term 0 t = closed (Suc i) p = closed i (sub it p)>
by (induct p arbitrary: i t) simp_all
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subsection «Parameters)

primrec
params_term :: <tm = id set> and
params_list :: <tm list = id set» where
«params_term (Var n) = {}» |
«params_term (Fun a ts) = {a} U params_list ts» |
«params_list[]= {}»> |
«params_list (t # ts) = (params_term t U params_list ts)»

primrec params :: <fm = id sety where
«params Falsity = {}» |
«params (Pre b ts) = params_list ts) |
«params (Con p ) = params p U params ¢ |
«params (Dis p g) = params p U params Qp |
«params (Imp p g) = params p U params @ |
«params (Uni p) = params p» |
«params (Exi p) = params p>

lemma new_params' [simp]:
mew_term C t = (C & params_term t)»
mew _list ¢ | = (c & params_list I)»
by (induct t and | rule: new_term.induct new_list.induct) simp_all

lemma new_params [simp]: <new X p = (X & params p)»
by (induct p) simp_all
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lemma news_params [simp]: amews ¢ z = list_all (Ap. ¢ & params p) 2
by (induct z) simp_all

lemma params_inc [simp]:
<params_term (inc_term t) = params_term t
<params_list (inc_list I) = params_list |>
by (induct t and | rule: sub_term.induct sub_list.induct) simp_all

primrec
psubst_term :: «(id = id) = tm = tm» and
psubst_list :: «(id = id) = tm list = tm list> where
«psubst_term f (Var i) =Var > |
«psubst_term f (Fun x ts) = Fun (f x) (psubst_list f ts)» |
«psubst_listf[]=1[D |
«psubst_list f (t # ts) = psubst_term f t # psubst_list f ts)

primrec psubst :: «(id = id) = fm = fm» where
«psubst f Falsity = Falsity> |
«psubst f (Pre b ts) = Pre b (psubst_list f ts)» |
«psubst f (Con p g) = Con (psubst f p) (psubst f q)> |
«psubst f (Dis p q) = Dis (psubst f p) (psubst f q)» |
«psubst f (Imp p q) = Imp (psubst f p) (psubst f q)» |
«psubst f (Uni p) = Uni (psubst f p)» |
«psubst f (Exi p) = Exi (psubst f p)»

lemma psubst_closed' [simp]:
«closed term i (psubst_term f t) = closed termit
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«closed list i (psubst_list f 1) = closed list i I
by (induct t and | rule: closed_term.induct closed_list.induct) simp_all

lemma psubst_closed [simp]: «closed i (psubst f p) = closed i p>
by (induct p arbitrary: i) simp_all

lemma psubst_inc [simp]:
<psubst_term f (inc_term t) = inc_term (psubst_term f t)
«psubst_list f (inc_list 1) = inc_list (psubst_list f I)»
by (induct t and | rule: psubst_term.induct psubst_list.induct) simp_all

lemma psubst_sub' [simp]:
<psubst_term f (sub_term i ut) = sub_term i (psubst_term f u) (psubst_term f t)»
«psubst_list f (sub_listiul) =sub_listi (psubst_term f u) (psubst_list f I)»
by (induct t and | rule: psubst_term.induct psubst_list.induct) simp_all

lemma psubst_sub [simp]: <psubst f (sub it P) = sub i (psubst_term f t) (psubst f P)»
by (induct P arbitrary: i t) simp_all

lemma psubst_upd' [simp]:
X & params_term t = psubst_term (f(x :=y)) t = psubst_term f t,
X & params_list | = psubst_list (f(x :=y)) | = psubst_list f I
by (induct t and | rule: psubst_term.induct psubst_list.induct) auto

lemma psubst_upd [simp]: «<x & params P = psubst (f(x :=y)) P = psubst f P>
by (induct P) simp_all
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lemma psubst_id'": <psubst term id t =t <psubst_list (AX. X) | = D>
by (induct t and | rule: psubst_term.induct psubst_list.induct) simp_all

lemma psubst_id [simp]: <psubst id = id»
proof
fix p
show «psubst id p = id p»
by (induct p) (simp_all add: psubst_id")
ged

lemma psubst_image' [simp]:
<params_term (psubst term ft) =f ~ params_term t»
<params_list (psubst_list f 1) =~ params_list |»
by (induct t and | rule: params_term.induct params_list.induct) (simp_all add: image_Un)

lemma psubst_image [simp]: <params (psubst f p) = f ~ params p>
by (induct p) (simp_all add: image_Un)

lemma psubst_semantics' [simp]:
«<semantics_term e f (psubst_term h t) = semantics_term e (Ax. f (h x)) ©»
«<semantics_list e f (psubst_list h 1) = semantics_liste (Ax. f (h x)) b
by (induct t and | rule: semantics_term.induct semantics_list.induct) simp_all

lemma psubst_semantics: <semantics € f g (psubst h p) = semantics e (Ax. f (h X)) g p»
by (induct p arbitrary: e) simp_all

section «Completeness for Closed Formulas)
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subsection «Consistent Sets)

definition consistency :: <fm set set = bool> where
«consistency C=(vS.SeC —

(Vpts.~(Preptse SANeg (Prepts) €S)) A
Falsity & S A
(Vpg.ConpgeS—Su{p,qteC)A
(Vpg.Neg (Dispg)eS—SU{Negp,Negq}eC) A
(Vpg.DispgeS—Su{pteCvSu{q}eC)A
(Vpg.Neg (Conpgq)eS—SU{Negp}eCVvSU{Negqg}teC)A
(Vpg. ImppgeS—SU{Negp}eCvSuU{q}eC)A
(Vpg.Neg (Imppg)eS—SuU{p,Negg} eC)A
(VP t. closed term0t— UniPeES—SU{sub0tP}eC)A
(VP t. closed termOt— Neg (ExiP)eS — S U {Neg (sub0tP)} € C) A
(VP.ExXiPES — (AX.SU{sub 0 (Funx[]) P} € C)) A
(VP. Neg (UniP)e S — (@x. SU {Neg (sub 0 (Funx[]) P)} € C)))»

definition alt_consistency :: «fm set set = bool> where
«alt_consistency C=(vS.SeC —

(Vpts.- (Preptse S ANeg (Prepts) €S)) A
Falsity € S A
(Vpg.ConpgeS—Su{p,qtelC)Aa
(Vpg.Neg (Dispg)eS—SU{Negp,Negqg}eC) A
(Vpg.DispgeS—Su{pteCvSu{q}eC)a
(Vpg.Neg (Conpg)eS—SU{Negp}teCVvSU{Negg}eC)A
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(Vpg. ImppgeS—SU{Negp}eCvSuU{g}eC)A

(Vpg.Neg (Imppg)eS—SU{p,Negqg}eC)A

(vPt.closed term0t— UniPeES—SU{sub0tP}eC)A

(VP t.closed term0t— Neg (ExiP) €S — SU{Neg (sub0tP)} € C) A

(VP x. (VaeS.xgparamsa) - ExXiPeS—SuU{sub0 (Funx[]) P} € C) A

(VP x. (Vva€e S. x & params a) — Neg (UniP) e S— SU{Neg (sub 0 (Funx[]) P)} € C))»

definition mk_alt consistency :: «fm set set = fm set set> where
«mk_alt_consistency C = {S. 3f. psubstf S € C}»

theorem alt_consistency:
assumes conc: <consistency C»
shows «<alt_consistency (mk_alt consistency C)» (is <alt_consistency ?C")
unfolding alt_consistency_def
proof (intro alll impl conjl)
fix S'

assume «S' € ?2CH
then obtain f where sc: <psubst f ~ S' € C> (is <?S € Cy)
unfolding mk_alt_consistency_def by blast

fix pts
show «—(Prepts € S"ANeg (Pre p ts) € S')
proof
assume *: Pre pts € S' A Neg (Pre p ts) € S
then have «psubst f (Pre p ts) € ?S»
by blast
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then have «Pre p (psubst_list f ts) € ?S)
by simp
then have (Neg (Pre p (psubst_list f is)) & ?S»
using conc sc by (simp add: consistency_def)
then have «Neg (Pre p ts) € SH
by force
then show False
using * by blast
ged

have <Falsity & ?S»

using conc sc unfolding consistency_def by simp
then show «Falsity & S

by force

{fixpq

assume «Con p g € SH

then have «psubst f (Con p g) € ?S»
by blast

then have ?S U {psubst f p, psubst f g} € C»
using conc sc by (simp add: consistency_def)

then show «S" U {p, q} € ?C"
unfolding mk_alt_consistency_def by auto }

{fixpq
assume «Neg (Dis p q) € SH
then have «psubst T (Neg (Dis p 0)) € 7S
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by blast

then have ?S U {Neg (psubst f p), Neg (psubst f q)} € C»
using conc sc by (simp add: consistency_def)

then show «S" U {Neg p, Neg g} € ?C"
unfolding mk_alt_consistency def by auto }

{fixpq

assume (Neg (Imp p q) € SH

then have «psubst T (Neg (Imp p g)) € ?S»
by blast

then have «?S U {psubst f p, Neg (psubst f 9)} € C»
using conc sc by (simp add: consistency_def)

then show «S" U {p, Neg g} € ?C"
unfolding mk_alt_consistency def by auto }

{fixpq

assume «Dis p ¢ € SH

then have «psubst T (Dis p g) € ?S»
by blast

then have «?S U {psubst f p} € Cv ?S U {psubst f g} € C»
using conc sc by (simp add: consistency_def)

then show «<S'u {p} € ?C'v S'U {q} € ?C")
unfolding mk_alt_consistency def by auto }

{fixpq
assume «Neg (Con p ) € SH
then have «psubst T (Neg (Con p q)) € ?S»
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by blast

then have ?S U {Neg (psubst f p)} € C v ?S U {Neg (psubst f q)} € C»
using conc sc by (simp add: consistency_def)

then show «S"U {Neg p} € ?C'v S U {Neg g} € ?C"
unfolding mk_alt_consistency def by auto }

{fixpq

assume dmp p g € S

then have «psubst f (Imp p q) € ?S)
by blast

then have «?S U {Neg (psubst f p)} € C v ?S U {psubst f g} € C»
using conc sc by (simp add: consistency_def)

then show «S'U {Neg p} € ?C'v S' U {qg} € ?C"
unfolding mk_alt_consistency def by auto }

{fixPt

assume «closed term 0 t» and <Uni P € S

then have «psubst f (Uni P) € ?S»
by blast

then have «?S U {sub O (psubst_term f t) (psubst f P)} € C»
using «closed term O t» conc sc by (simp add: consistency_def)

then show «S"U {sub 0 t P} € ?C"
unfolding mk_alt_consistency def by auto }

{fixPt
assume «closed term 0 t> and «<Neg (Exi P) € S)
then have «psubst T (Neg (Exi P)) € ?S»
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by blast
then have ?S U {Neg (sub O (psubst_term f t) (psubst f P))} € C»
using «closed term 0 t» conc sc by (simp add: consistency_def)
then show «S" U {Neg (sub 0t P)} € ?C"
unfolding mk_alt_consistency def by auto }

{fixPx

assume «va € S'. x & params a> and <Exi P € S)

moreover have «psubst f (Exi P) € ?S»
using calculation by blast

then have «3y. ?S U {sub 0 (Fun y []) (psubst f P)} € C»
using conc sc by (simp add: consistency_def)

then obtain y where ?S U {sub 0 (Fun vy []) (psubst f P)} € C»
by blast

moreover have <psubst (f(x :=y)) ~ S'=?S»
using calculation by (simp cong add: image_cong)
then have «psubst (f(x :=y))
S"U {sub 0 (Fun ((f(x :=v)) x) [1) (psubst (f(x :=y)) P)} € C»
using calculation by auto
then have «3f. psubst f °
S"U {sub 0 (Fun (f x) [1) (psubst f P)} € C»
by blast
then show «S" U {sub 0 (Fun x []) P} € ?C"
unfolding mk_alt_consistency_def by simp }

{fixPx
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assume «va € S'. x ¢ params a» and «Neg (Uni P) € S

moreover have <psubst T (Neg (Uni P)) € ?S»
using calculation by blast

then have 3y. ?S U {Neg (sub 0 (Fun y []) (psubst f P))} € C»
using conc sc by (simp add: consistency_def)

then obtain y where <?S U {Neg (sub 0 (Fun y []) (psubst f P))} € C»
by blast

moreover have <psubst (f(x :=y)) ~ S'=72S)
using calculation by (simp cong add: image_cong)

moreover have «psubst (f(x :=y))

S"U {Neg (sub 0 (Fun ((f(x :=v)) ) [1) (psubst (f(x :=y)) P))} € C»
using calculation by auto

ultimately have «3f. psubst f = S U {Neg (sub 0 (Fun (f x) []) (psubst f P))} € C»
by blast

then show «S" U {Neg (sub 0 (Fun x []) P)} € ?C"
unfolding mk_alt_consistency_def by simp }

ged

theorem mk_alt consistency subset: «C € mk_alt_consistency C»
unfolding mk_alt_consistency def
proof
fix S
assume <S € C»
then have «psubstid * S € C»
by simp
then have 3f. psubstf~ S € C»
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by blast
then show <S € {S. 3f. psubstf~ S € C}»
by simp
ged

subsection «Closure under Subsetsy

definition close :: <fim set set = fm set set> where
«close C={S.3S'e C.Sc S}

definition subset closed :: <'a set set = bool> where
<subset_closed C=(VS'eC.¥S.S€S' —S€eC)

lemma subset_in_close:
assumes<S'€ Sy and «<SU x € G
shows <S' U x € close C»
proof -
have <S U x € close C»
unfolding close_def using «<S U x € C» by blast
then show ?thesis
unfolding close_def using <S' € Sy by blast
ged

theorem close_consistency:
assumes conc: «consistency C»
shows «consistency (close C)»
unfolding consistency_def
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proof (intro alll impl conjl)
fix S'
assume <S' € close C»
then obtain S where <S€ Cy>and <S'€ Sy
unfolding close_def by blast

{fixpts
have «<— (Pre p ts € S A Neg (Pre p ts) € Sy
using «S € C» conc unfolding consistency_def by simp
then show «— (Pre p ts € S' A Neg (Pre p ts) € S')
using <S' € Sy by blast }

{ have <Falsity & S)
using «S € C> conc unfolding consistency _def by blast
then show <Falsity & S'
using <S' € Sy by blast }

{fixpq
assume «Con p g € SH
then have «Conp g € S»
using «S' € Sy by blast
then have <SuU {p, g} € C
using «S € C» conc unfolding consistency_def by simp
then show «S" U {p, g} € close C»
using «S' € Sy subset _in_close by blast }

{fixpq
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assume «Neg (Dis p q) € SH
then have «Neg (Dis p ) € S»
using <S' € S» by blast
then have «S U {Neg p, Neg q} € C»
using «S € C» conc unfolding consistency_def by simp
then show «S" U {Neg p, Neg g} € close C»
using <S' € Sy subset_in close by blast }

{fixpq
assume (Neg (Imp p q) € SH
then have <Neg (Imp p g) € S
using <S' € S» by blast
then have «<S U {p, Neg q} € C»
using «S € C> conc unfolding consistency _def by blast
then show «S" U {p, Neg g} € close C»
using «S' € Sy subset in_close by blast }

{fixpq

assume «Disp g € SH

then have Disp g € S
using «S' € Sy by blast

then have <Su {p}eCvsSu{g} el
using «S € C» conc unfolding consistency_def by simp

then show «S" U {p} € close C v S' U {g} € close C»
using «S' € Sy subset _in_close by blast }

{fixpq

35



assume «Neg (Con p ) € SH

then have <Neg (Con p () € S»
using <S' € S» by blast

then have <(SU{Negp} e Cv SuU{Negq}eC
using «S € C» conc unfolding consistency_def by simp

then show «S"U {Neg p} € close C v S' U {Neg g} € close C»
using <S' € Sy subset_in close by blast }

{fixpq

assume dmp p g € S

then have dmp p g € Sy
using <S' € S» by blast

then have <SU{Negp}eCvSu{g} e’
using «S € C» conc unfolding consistency_def by simp

then show «S"U {Neg p} € close C v S' U {g} € close C»
using «S' € Sy subset in_close by blast }

{fixPt

assume «closed term 0 t> and <Uni P € S

then have <Uni P € S»
using «S' € Sy by blast

then have «<SU {sub 0t P} € C»
using «closed term 0 t» <S € C> conc
unfolding consistency_def by blast

then show «S"U {sub 0 t P} € close C»
using <S' € Sy subset_in close by blast }
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{fixPt

assume «closed term 0 t> and «<Neg (Exi P) € S)

then have «Neg (Exi P) € S»
using «S' € Sy by blast

then have «<S U {Neg (sub 0t P)} € C»
using «closed term 0 t» <S € C> conc
unfolding consistency_def by blast

then show «S" U {Neg (sub 0 t P)} € close C»
using «S' € Sy subset _in_close by blast }

{fix P

assume <Exi P € SY

then have <Exi P € Sy
using <S' € S» by blast

then have «(3c. SU {sub 0 (Func[]) P} € C
using «S € C»> conc unfolding consistency_def by blast

then show «3c. S" U {sub 0 (Fun c []) P} € close C»
using «S' € Sy subset in_close by blast }

{fixP
assume «Neg (Uni P) € S)
then have <Neg (Uni P) € S)
using «S' € Sy by blast
then have «3c. SU {Neg (sub 0 (Func[]) P)} € C»
using «S € C» conc unfolding consistency _def by simp
then show «3c. S U {Neg (sub 0 (Fun c []) P)} € close C»

using «S' € Sy subset _in_close by blast }
37



ged

theorem close closed: «subset closed (close C)»
unfolding close_def subset_closed_def by blast

theorem close subset: <C € close C»
unfolding close_def by blast

theorem mk_alt_consistency closed:
assumes «subset closed C»
shows «subset_closed (mk_alt consistency C)»
unfolding subset_closed_def
proof (intro balll alll impl)
fixS S
assume «S € mk_alt_consistency Cy and «<S' € S
then obtain f where *: «<psubst f * S € C»
unfolding mk_alt_consistency_def by blast
moreover have <psubst f ~ S' € psubst f ~ S»
using «<S' € S» by blast
ultimately have «psubst f ~ S' € C»
using «subset_closed C»> unfolding subset_closed_def by blast
then show «S'" € mk_alt_consistency C»
unfolding mk_alt_consistency def by blast
ged

subsection <Finite Character»
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definition finite char :: <'a set set = bool> where
finite_ charC=(vS.SeC=(vS.finiteS' —-S c€S— S €C))y

definition mk finite char :: <'a set set = 'a set set» where
«mk_finite charC={S.vS.S'€ S —finiteS'— S' e C}»

theorem finite char: «finite_char (mk_finite char C)»
unfolding finite_char_def mk_finite_char_def by blast

theorem finite_alt_consistency:
assumes altconc: <alt consistency C»
and <subset_closed C»
shows «<alt_consistency (mk_finite char C)»
unfolding alt_consistency _def
proof (intro alll impl conjl)
fix S
assume 